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Abstract 

We investigate the structure of local anomalies of heterotic Eg x Eg' theory on T^/Z4. We show that 
the untwisted states lead to anomalies in ten, six and four dimensions. At each of the six dimensional 
fixed spaces of this orbifold the twisted states ensure, that the anomalies factorize separately. As 
some of these twisted states live on T^/Z2, they give rise to four dimensional anomalies as well. At 
all four dimensional fixed points at worst a single Abelian anomaly can arise. Since the anomalies in 
all these dimensions factorize in a universal way, they can be canceled simultaneously. In addition, we 
show that for all U(l) factors at the four dimensional fixed points at least logarithmically divergent 
Fayet-Ilopoulos tadpoles are generated. 
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1 Introduction 



In this paper we investigate the structure of local anomalies on the orbifold /Wj^ within the context 
of heterotic Eg x Eg' string theory. Strings on orbifolds were discussed first by the authors of refs. 

and with the inclusion of non-trivial gauge field backgrounds, so-called Wilson lines, in [31 13 El- 
More recently there has also been a lot of attention to compactifications on orbifolds in field theory. 
An important development was the investigation of the shape of anomalies on orbifolds. First in ref. 
the anomalies on 3^/1^2 were computed and it was found that they localize at the fixed points 
of this orbifold. Afterwards, various groups computed anomalies on the orbifolds 5^/Z2, j'L^ x Z2 
[3IHliniE]- More general anomaly investigations, that apply to higher dimensional orbifolds, have 
been pursued in ref. PH IT^ IT^ . 

The question of the shape of anomalies in the context of heterotic string theory compactified on 
T^/Zs has been investigated in ref. This six dimensional orbifold has only zero dimensional fixed 
points, which may support twisted states. It was found that non-Abelian anomalies never arise at 
these four dimensional fixed points. However, at each fixed point a single anomalous U(l) is possible, 
not necessarily the same at each fixed point. In ref. jl5j it was shown, that a local four dimensional 
remnant of the Green-Schwarz mechanism ^H] cancels these Abelian anomalies. 

The existence of a global anomalous U(l) is associated with the generation of a Fayet-Iliopoulos 
tadpole, which leads to spontaneous breaking of the global anomalous U(l) ^ZIEIE]- The existence 
of Fayet-Iliopoulos tadpoles on orbifolds, like x realized in and the shapes of these 

tadpoles over such orbifolds have been computed in r efs. |2TliaiHl. In the heterotic models on T^/Zg 
local Fayet-Iliopoulos tadpoles are also generated However, still only a global one necessarily 

leads to spontaneous breaking. The full consequences of the local structure of these tadpoles have 
not been fully understood yet, but they may lead to dynamical instabilities as was discussed in five 
dimensional models on /'L2 [^ITUj . 

This paper continues the investigation of the papers jl4|ll5j of local anomalies in the context of the 
heterotic string. We have chosen to work on the non-prime orbifold r^/Z4, because it is the simplest 
six dimensional orbifold, which contains fixed hyper surfaces of various dimensions. We confirm the 
expectation that on both four and six dimensional fixed spaces anomalies localize. Furthermore, we 
show that the Green-Schwarz mechanism can cancel the local four, six and ten dimensional anomalies 
simultaneously. And in addition, we compute the Fayet-Iliopoulos tadpoles for U(l) factors at the 
four dimensional fixed points. 

The paper is organized as follows: In section [21 we describe the geometry of the orbifold T^/Z4, 
focusing in particular on the fixed point structure. Next, we investigate the local spectra at these four 
and six dimensional fixed hyper surfaces: This includes both, the projections of untwisted states at 
the fixed points, as well as the twisted states that may live there. To calculate the local structure of 
anomalies, we first develop general orbifold traces in sectional and explain how they can be applied to 
anomalies. After that, we collect the local anomaly contributions of both untwisted and twisted states 
at the four and six dimensional hyper surfaces. We describe the local version of the Green-Schwarz 
mechanism which cancels these local factorized anomalies. In section El we calculate the tadpoles 
associated with the (anomalous) U(l)'s at the four dimensional fixed points. Our conclusions have 
been collected in section [71 We have attached three appendices to this work: Appendix ^ is devoted 
to a description of spinors in various relevant dimensions using light-cone gauge. The next appendix 
gives some background on supergravity multiplets in six dimensions. In appendix [Owe describe how 
Z2 and Z4 gauge shifts can be classified. 
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Figure 1: An impression of the two dimensional fixed hyper surfaces within the orbifold 1%/^ are 
displayed: the bottom square represents a part of a two dimensional cross section (the Z2 plane) of 
the orbifold /Tj^^. Above its fixed points and ^(1 + i) in the zi direction one finds the orbifolds 
r^/Z2. Because of the identification of the points ^ and \i the two-tori above them are mapped to 
each other via ((7|). 

2 Geometry of r^/Z4 

We begin by reviewing the geometry of the orbifold T^/Z4, a related discussion can be found in e.g. 
(23] • Let r be the lattice generated by Zj ~ Zj + Rj, Zj ^ Zj + i Rj for j = 1, 2, 3 on the coordinates 
z = {zi,Z2,Z3) G C^. This is the S0(5) x S0(5) x SU(2) x SU(2) lattice. (A general classification 
of orbifold compactification lattices can be found in [Ml We obtain the torus = C^/T by 

dividing out this lattice. The Z4 twist operator 6 acts on the complex coordinates as 

@{zi,Z2,Z3) = {-Zi,iZ2,iZ3), @^ = t. (1) 

For simplicity we have made the restriction to also only consider a square torus in the first complex 
direction, even though the orbifolding does not require this. 

As the structure of fixed points is rather complicated, we introduce the following notation: Cpq = 
{p + iq) /2 for p,q {0, 1}. It is not hard to show that 

^ Qpq — Cqp ~ Qi i Cpq ~ Cpq ~ P ~ i Qi ^ Cpq ~ Cqp ~ iP- (2) 

The fixed points of the twists and are zero dimensional. On these fixed points four dimensional 
states may arise in the heterotic theory, as will be discussed in 13.41 There are 16 different Z4 fixed 
points: 

{3pg} = {{RlCpiqi, R2Cp2P2^ ^?>Cp3p-i)} ■ (3) 

Using the identities ((21) it is straightforward to work out which lattice shifts are needed to make these 
fixed points invariant within the covering space under the orbifold twist: 

03p5 = 3pg - ((Pl +%)-Rl,P2^2,P3^3), 

©'3^9 = 3^g- (0,(l+i)p2i?2,(l + i)p3^3), (4) 

0^3p5 = 3p5 - ((pi +^gl)-Rl,^^•2-R2,^P3-R3)■ 
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These shifts are important since they distinguish the different fixed points when Wilson hnes are 
present: In section ITU we wih see that these shifts determine the local spectra at the fixed points. 
The fixed hyper surfaces take the form of 16 disjoint T^'s: 

{{Zl,^lq) I Zl e T^} = {{zi,R2Cp2q2^R3Cp3qs) I ^1 G (5) 

where the two-torus is defined by zi ~ zi + i?i '--^ zi + i i?i . Each two-torus {(zi,3pg) | zi € T^} 
can support six dimensional twisted states, which will be determined in section ESI The local shifts 
that bring the fixed points back to themselves in the covering space read 

0'3p, = 3lg - {{P2 + iq2)R2, {P3 + ^93)^3). (6) 

Since on the fixed space of the Z4 twist acts non-trivially, the embedding of this fixed space in the 
orbifold T^fZ^ is somewhat more involved. (In figure ^ we have given an artist's impression of the 
configuration.) The actions of and 0'^ on this space take the form 

0(^1. 3pg) = (-^i,3qp) - (0,^2^2,93^3), 
0^(^i,3pg) = (-2;i,3gp) -i(0,P2i22,P3^3)- 

Notice that the order of p and q is interchanged, therefore it is important to distinguish between the 
Z2 fixed points with the vectors p and q equal or not, denoted by 3p=g and 3^^^, respectively. The 
twist leaves 3p=g invariant, and hence the corresponding four two-tori are orbifolded to 

{(zi,3^=g) I 21 G rV^s} = {{z^,R2Cp,p2,R3Cp,ps) I zi e rV^a}. (8) 

As each orbifold T^/Z2 itself has four fixed points i^iCpiqi , the fixed points of all four disjunct orbifolds 
together is precisely the same as all fixed points 3pg of the original orbifold T^/Z4. On the other 12 
two-tori the twist acts freely; this leads to an identification of pairs of two-tori (zi,3p-^^) and 
(— zi, 3q^p) in the covering space C"^ of the orbifold T^/Z,^. In other words, within the orbifold T^/Z4 
these spaces really only consist of six two-tori. In the covering space these two-tori are indicated 
by 

{(^i,3^^,)e(-^i,3^^p) I ^1 GT^}. (9) 

As this is a collection of two-tori, they do not have any orbifold singularities. Notice that non of these 
two-tori contain the fixed points 3pg- 

We close our discussion with a few comments concerning the orbifold jZ^- To gain insight in 
some properties of heterotic string theory on /Zi, the relation to the four dimensional orbifold T'^ /Z2 
turns out to prove very useful. For this reason we collect here the essential geometrical properties 
of this orbifold as well. We take x to be described by the same lattice as above. (For a 
general jZ^ orbifold of course we do not need to take a square lattice in order that the Z2 can act 
consistently on it. For comparison purposes between the theories on /Z^ and jZ^, we restrict 
ourselves to square T^'s only.) The Z2 orbifold twist acts on the as 0^(z2,Z3) = (— Z2,— Z3). It 
follows that the fixed points of T'^/Z2 are given in Q. The local shifts needed to bring these fixed 
points back to themselves within the covering space are given in 
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ten dimensional heterotic spectrum 


guN, Bmn, 4> 


supergravity 
: «-'iV^5i|0)]v5 V'^'^A : a^,\ 


±1 ±1 ±1 ±i\ 

2 ' 2 ' 2 ' 2 /R 


Am : 


super Eg x Eg' Yang-Mills 
|Adfoi)®|±l, 0,0,0)^^ X : |Ad 


\ ^ 1 ±1 ±1 ±1 ±1\ 
0] / 1 ~2" ' "2" ' ~ ' ~/_R, 



Table 1: The ten dimensional zero mode spectrum of the heterotic string is identified using light -cone 
gauge (M, = 2, . . . 9) in terms of string oscillators and vacua. 

3 Local ten, six and four dimensional string spectra 

The central purpose of this section is to determine the string spectrum of the heterotic Eg x Eg' 
theory on jTL/^. These models may contain arbitrary gauge shift and Wilson lines. This makes the 
zero mode analysis of these models rather complicated. However, as our analysis here will show the 
investigation of the local spectra is relatively straightforward. In particular we are interested in the 
local twisted and untwisted states at the six and four dimensional fixed hyper surfaces discussed in 
section |21 

3.1 Ten dimensional states 

The full ten dimensional spectrum of the heterotic Eg x Eg' string theory appears on the interior of 
the orbifold T^/Z4; away from the fixed hyper surfaces. At the fixed hyper surfaces a large number 
of states do not survive the local orbifold projections, as we will discuss in later subsections. As this 
ten dimensional spectrum is well-known, we will be brief at this point. 

In table^we have summarized the ten dimensional zero mode spectrum of the string on the interior 
of the orbifold T^/Z4 using light-cone gauge. In this table |0)^ denotes the right-moving Neveu- 
Schwarz vacuum, and . . . »S'4)^ the spinorial Ramond vacuum with positive chirality: Si = ±1/2 
and WSi > 0. Here it is used, that the light -cone gauge automatically takes the ten dimensional 
Majorana condition into account. (See appendix El where we review how ten (and lower) dimensional 
spinors can be represented on the light -cone.) In table ^a^^i and ^^^/2 denote the creation operators 
of string world sheet scalars and right-moving fermions, with M, N spacetime indices. A light -cone 
spacetime vector, obtained from the NS vacuum, is indicated by [ ±1,0,0,0 )^^ = V'^i/2|0)]v5- This 
notation will be extended to the twisted states in sections 13 . 31 and 13 . 41 And finally, Ad[Q] denotes the 
adjoint representation of Eg x Eg', which consists of the Cartan generators Hj of S0(16) x S0(16)', 
the adjoint roots w = (±1, ±1, 0^) and spinorial roots w = (±1/2, . . . , ±1/2) (such that the product 
of the entries is positive) of S0(16) and S0(16)'. For more details we refer to [261 127j . (The notation 
with the subscript [0] will become useful, since we will later define Ad[^,].) 

The = 1 supergravity part of the spectrum consists of a graviton (i.e. the metric (perturbation)) 
9m n 1 a scalar dilaton (/>, an anti-symmetric tensor Bm n , and a left-handed gravitino iIj^^ and a right- 
handed dilatino A. These states are simply the decomposition of the string states indicated in tabled 
in irreducible S0(8) representations. In particular, the gravitino constraint Tm^^^^ = implies that 
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the chiralities of gravitino and dilatino are opposite. This supergravity multiplet is coupled to a ten 
dimensional super Yang-Mills theory, which contains an Eg x Eg' gauge field Am and a left-handed 
gaugino x- 

3.2 Shift and Wilson lines 

The transformation properties of the ten dimensional supergravity sector are directly determined by 
specifying that the orbifold acts on an S0(8) representation as 

G|5i,...54) = e2-'^»^M'5i,...54), = ^ (0,-2, 1, 1). (10) 

Notice that this is consistent with the action on the spacetime coordinates (also in light-cone gauge 
of course) . 

For the ten dimensional super Yang-Mills sector one can allow for more choices: gauge shift v and 
Wilson lines aj and dj are free up to certain requirements which we recall below. Let j denote the 
lattice vector of length Rj in the j'th direction, we have for the Eg x Eg' gauge connection one-form: 

A^{z + j)=T,Ai{z)Tr\ Ai{z + ij)=fjAi{z)f-\ Ai{Qz) = U Ai{z)U-\ (11) 

The group elements Tj, Tj and U are assumed to be commuting; they are all generated by the Cartan 
elements Hi of S0(16) x S0(16)' C Eg x Eg'. Their expressions in terms of gauge shift and Wilson 
lines read: 

Tj = e^^' "1^^ , fj = e^^' , U = e^^' "'^^ . (12) 

The other generators of the gauge group Eg x Eg' are denoted by Ey^, where w are the roots of 
this algebra (described above). In the Cartan- Weyl basis we have the canonical commutation and 
conjugation relations 

[Hi, E^] = wiHi, e^^it'Hi ^-2^it'Hj ^ ^'^^it'wj -^^^ ^^3^ 

for any € M. Because of the compatibility of the orbifold twist and the torus periodicities |21 12 EH 
05] . we find that: 

dj = aj, Av^wi = 2ajWi = 2a{wi = 2d{wi = mod 1 (14) 

for j = 2,3 and for all roots w. There are additional conditions on gauge shift and Wilson lines coming 
from modular invariance of the string theory. We discuss them below (in equation (|17|l ). since there 
we have introduced sufficient ingredients to describe them naturally. 

At the fixed hyper surfaces of the orbifold described in section [21 the combination of gauge shift 
and Wilson lines can lead to different local projections of the untwisted gauge states, i.e. gauge fields 
and gauginos ^Ij . At the fixed points 3p g and 3p q the gauge field one-form satisfies 

^(3pg) = -Rpq^(3pg)(-Rpg) ^, ^ (^1 5 3p g ) = (^1 , 3p g ) (-^p Q ) ^- (l^) 

The second condition applies to the pairwise identified two-tori and the interior of the orbifolded 
two-tori. Since the fixed points of these orbifolded two-tori are the fixed points 3pg, there the first 
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requirement is again obtained. The local projection matrices Rpg = ex.p{2TTiVp^ Hj) and Rp^ = 
exp{2TriVpJ Hj) can be expressed in terms of the local shift vectors 

^^p<? = Pio-i + qiai + ^202 + Psos + V, v^g = {p2 + 0^2)02 + (P3 + ^'3)03 + 2f . (16) 

These local shifts also determine the four and six dimensional twisted states as we describe below. 
At the two tori which are identified, the projections should of course be the same: This is indeed the 
case, since Vpg = v^. Moreover, notice that because 2a2Wj = 2alwj = mod 1, all local shifts at 
the four orbifolds T /Z2 are equal: Vp^^ = 2v (up to lattice shifts). 

Because at all fixed (four and six dimensional) hyper surfaces the theory should correspond to a 
consistent string model, all these local shift vectors need to satisfy the modular invariance conditions 

Z4 : 4((/)2 - (i;4^)2^ = mod 2, Z2: 2(^{2^f - {v'^gf'^ = mod 2. (17) 

Not all these conditions are independent: The Z2 level matching conditions for automatically 
satisfied, provided that all Vpg fulfill the Z4 conditions. However, the Z2 conditions for Vp^g give 
extra independent relations in general. Using that the conditions in (|17)) hold for all Pi,qi = 0, 1 with 
i = 1,2,3 we find the requirements 

2((/>2 - u^) = = a| = 2af = 2af = modi, 
20203 = 4 0102 = 4 0103 = 4 0102 = 4 0103 = mod 1, (18) 
4:vdi = 4vai = 4 1702 = 4 1703 = mod 1. 

For the related orbifold models on r^/Z2 we take spacetime twist and gauge shifts to be 2(/) and 
2v, respectively. Furthermore the Wilson lines in the real and imaginary Z2 and Z3 directions, are 
respectively 02 and 03. Hence, we find the same local gauge shift Vpg as given in (fTfi|l with the 
modular invariance requirement ()17() . 

3.3 Local six dimensional spectra 

The discussion of the local shift vectors in the preceding section, allows us to make an inventory of the 
local states at the fixed hyper surfaces of the orbifold T^/Z^. In this subsection we consider the six 
dimensional states. These states live on four dimensional Minkowski space times, either two identified 
two-tori, or the orbifold T"^ /'L2. However, as far as the classification of six dimensional states is 
concerned, the local spectra at the fixed points are completely determined by the local Z2 shift vectors 
Vpg. Therefore, for a giving fixed six dimensional hyper surface 3pg of T^/Z4, we can consider an 
equivalent pure orbifold model (i.e. without Wilson lines) on T^/Z2 with this gauge shift to determine 
the local spectrum there. The method of using equivalent models to determine the local spectra with 
Wilson lines present, was employed for the T^/Zs orbifold in jjl]. However, we should emphasize 
here, that in the present case we make identifications between spectra at fixed points of two theories 
on different orbifolds. Although for spectra this method works, one should be aware of important 
diff'erences when computing anomalies (and other traces of local operators) on these diff'erent spaces. 
We will return to this important issue in section |2 where traces on these orbifolds are evaluated. 

Let V2 be the gauge shift of a pure orbifold T^/Z2 model with spacetime shift 2(/). (We will denote 
the classifying shifts with capital letters: V2 and V4 for the Z2 and Z4 orbifolding, respectively.) 
The string spectrum can be divided in untwisted and twisted states. The untwisted states can be 
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local six dimensional spectrum 



untwisted (orbifolded 10 D) states 



supergravity + tensor 

9,nn,Bn,n,(t> ■ "-iV^" i |0)jv5 V", A : a!!^i | f , f , f , f 

neutral hyper 

lab ■■ "-iV^NlO)]^ Cab : a^i|f,-f,f,-f)^ 

vector 

: |Ad[y,])® |±M),0,0)^ X ■■ |Ad[y,])® |f,f,f,f)^ 

charged hyper 

^^[-21 : |R[y,])®|0,0,±M)]v5 C""!-^' ^ |R[V2])®lf'-f'f.-f)ij 

twisted states 
charged SU(2)j|^ singlet hyper 
ijV^l : |S[^^])^|0,0,f,f)^^ : |Sf^^])0|f,-|,O,O)|j 

charged SU(2)j|^ doublet hyper 



Table 2: The local six dimensional spectrum of the heterotic string is given in terms of string 
oscillators and vacua. This spectrum is situated at the fixed points of T'^/Z2 and six dimensional 
fixed hyper surfaces of r^/Z4. The following indices are used: light -cone: m, n = 2, . . . 5, internal T^: 
a,b = i,i = 2,3,2,3, and spinor: a,/3 = it. (To make the multiplet structure more manifest we have 
used the identification of internal space and spinor indices.) 



no. 


shift 


gauge group 


untwisted matter 


2(^2)2 


2^2 









(00000000) 


Eg 


nothing 


1,3 


(11000000) 


E7 X SU(2) 


(56,2) 


2 


(20000000) 


S0(16) 


128, 



Table 3: The resulting gauge groups and six dimensional untwisted matter representation are given for 
representatives of the possible Z2 gauge shifts. General shifts are classified by computing 2V2 ™od 4 
as is discussed in appendix IC. II (Since gauge shifts with 2V2 =1,3 mod 4 are just related to each 
other via some lattice shift, we will use only the symbol "1" for classification purposes.) 
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understood as those ten dimensional states that survive the Z2 orbifolding, or can be obtained by 
a direct string calculation of untwisted six dimensional zero modes. In any case, these states are 
invariant under the orbifold action. Using the S0(8) light -cone representations given in section mi 
and their six dimensional decompositions ()B.H) of appendix^ we can classify the untwisted states 
according to the six dimensional supergravity multiplets reviewed in table IbD of the same appendix. 
For the states coming from the ten dimensional supergravity sector, this is rather straightforward. 
The ten dimensional gauge multiplet states give rise to six dimensional gauge multiplets in the adjoint 
Ad[y2] of the gauge group G\y^T^ unbroken by the orbifolding, and to charged hyper multiplets in 
representation R[y2] • These representations are defined by 

Adryji = {Hi} © {Eg roots w wi = Q mod 1}, 

(19) 

RjVj] = {Eg roots w wi = 2 mod 1}. 

These definitions only apply to a single Eg, but can, of course, be easily extended to Eg x Eg'. (In 
the following we use this notation for both situations, assuming that the context makes clear whether 
one is concerned with a single or both Eg's.) In table [21 we have summarized the full untwisted 
spectrum of the theory in six dimensions and indicated to which string states they correspond. Since 
the untwisted matter states contain 4 + 4 degrees of freedom, they naturally fall into hyper multiplets 
in gauge group representation R.[y2]. To emphasize, this spectrum corresponds to the local spectrum 
at the fixed points of T^/Z2 but likewise to the spectrum at the T^'s and T^/Z2's within j^Li^. 

In addition to the untwisted spectrum, there exist twisted modes, which correspond to additional 
string states that are massless because of the orbifolding. As we will need similar formulae for the 
Z4 twisted states, we describe here the masslessness conditions for a /cth twisted sector of a Z^r 
orbifold. (The 0th twisted sector gives the untwisted spectrum which we already characterized.) The 
masslessness conditions for the /cth twisted sector of a Z^v orbifold with gauge shift V and spacetime 
twist read 

1 (y; - A; y)2 + iV^'^) + c(fc) -1 = 0, \{yj^k4>f-r iVif^ + C(fc) - ^ = 0, (20) 

with 

4 

= I E - ^(fc))' ^ i^<^i - (21) 

(k) (k) 

The left and right-moving oscillator numbers A^^ and Nj^ are fractionally quantized in terms of the 
modding of the various left- and right -moving world sheet fields. There are only a few possibilities for 
these oscillator numbers, since for massless states they are bounded from above by 1— C(fc) and 1/2— C(fc), 
respectively. The weights w in the Eg x Eg' root lattice, which satisfy the above requirements, define 
left-moving vacua \w). Likewise, the weights uj of the S0(8) root lattice (possibly shifted by the 
spinorial root (^ )) determine the right-moving vacua \uj). In addition the tensor products of the left- 
and right-moving states need to fulfill the generalized GSO projection: 

V^^^ exp 2Tri {^{v^ - </'^) + {w - k V)V + {uj + k (/>)</.} = 1, (22) 

where the T'^^^ denote the phases due to (fractional) oscillator contributions. 
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shift 
V2 


gauge group 


local twisted matter 


(i;0) 


E7 X SU(2) X Eg' 


(56,i)(iy 4(i,2)(iy 


(i;2) 


E7 X SU(2) X S0(16)' 


(i,2)(i6„y 



Table 4: There are two modular invariant combinations of Z2 gauge shifts. The labels (V2;V^') cor- 
respond to the first column of table El The resulting gauge group and the twisted matter at a single 
fixed point is given. 

Back to the six dimensional twisted states of Z2. Since C(i) = 1/4, the only possibility in the 
right-moving sector is n'^^ = so that {uj + 2(^)^ = 1/2. The GSO projection then only allows the 
vacuum states |0, 0, ^, and |^,-^,0, 0)^ . For the left-movers we have two options: 

7V(^)=0: ^^y^^={uj\\{w-V2f = \}; iV?^ = i: T>yv,] = {w \ \{w -V2? = \}. (23) 

Since the latter states are obtained by acting with the creation operators a" vacuum, these 

states transform as (2,2) ® (2,1) = (3,2) © (1,2) under SU(2)^ x SU(2)^. In table H we have 
summarized this twisted spectrum as well. 

Let us now discuss what the possible local six dimensional models are, by specifying modular 
invariant gauge shifts. In appendix IC.ll we show that there are essentially three different Z2 gauge 
shift vectors within a single Es, which can be classified by the value of 2(V2)^, and are listed in table 
131 We label these possible gauge shifts by their value for 2(V2)^. This could in principle lead to six 
different models, when the gauge shifts for both Eg's are combined. However, the Z2 level matching 
condition (|17() only allows essentially two combinations, which are given in table ^ As the arising 
gauge group already determines the untwisted states according to table |H1 we have only given the gauge 
representations of the twisted states in tabled The twisted states in representation SjVj] correspond 
only to 2 + 2 degrees of freedom according to table [21 which would be too little to fill six dimensional 
hyper multiplets. But from table 01 we may read off that all representations Sjy^] are pseudo real, 
hence as discussed in appendix IbI these representation come with an anti-symmetric matrix, which 
allows one to form hyper multiplets with half their canonical degrees of freedom. For the other twisted 
states in representation D[y2] there are two ways to form such half-hyper multiplets, since they fall in 
a doublet of the 'S\J{2)^ and the SU(2) gauge group, see tables (21 and O 

3.4 Local four dimensional spectra 

After the discussion of the local spectra at the six dimensional fixed hyper surfaces of r^/Z4, the next 
task is to determine the four dimensional spectra at the fixed points 3pq of T^/Z4. Our strategy will 
be essentially the same as before: we consider equivalent pure orbifold models, and use those to infer 
what the local spectra are in models with Wilson lines. However, there are a couple of additional 
complications now: We have to consider three sectors: ten and six dimensional states, which are 
projected at these fixed points, and genuine four dimensional twisted states. We would like to identify 
those four dimensional twisted states using the conditions for massless zero modes on 1%/^. It is 
well-know that for a Z4 there are both single and double twisted zero modes. 
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local four dimensional spect 


rum 


untwisted (orbifolded 10 D) states 


A, : 


vector 

|Ad[y^])® 1 ±1,0,0, 0)j^g X : 
chiral 

|R[y,])0|O, ±1,0,0)^ Cf'"'^' : 
chiral 

|r[vi])®|0,0,±l,0)^<, Cj™ : 


l^dfy^]) (g) If, f , f , f );j 

I'D \ ^ \ a a a a\ 
l^[V2]/ '&'l2'2'-2'-2/R 

|„ la a\ 
l^m) ® l2'-2' 2'-2)ii 


double twisted (orbifolded 6D) states 




chiral 

|T2[y,])®|0,0,i,i)^ ^"^^[-21 : 


|T2[y,])®|i,4,0,0)^ 


single twisted states 




chiral 

|Ti[y,])^5|0,i,i,-i)^ (/.^^[-4l 


|Ti[yj]) (g) l5,0,-3'-i)iJ 



Table 5: The local four dimensional spectrum at the fixed points of T^/Z,^ of the heterotic string 
is given in terms of oscillators and vacua. The following indices are used: light-cone: /i, = 2, . . . 3, 
internal T^: l,j = 2,3; l,j = 2,3, and spinor: a,/3 = ±. 



No. 


shift 


gauge group 


untwisted matter 


8Vi 













(00000000) 


Eg 


nothing 


nothing 


1 


(11000000) 


Er X U(l) 


(56)i 


(l)2 + (l)-2 


2 


(20000000) 


S0(14) X U(l) 


(64,)i 


(14,)2 + (14„)-2 


3 


(21100000) 


Eg X SU(2) X U(l) 


(27, 2)1 + (1, 2)-3 


(27,l)-2 + (27,l)2 


4o 


(22000000) 


E7 X SU(2) 


nothing 


(56,2) 


4i 


(1111111-1) 


SU(8) X U(l) 


(56)i + (8)-3 


(28)2 + (28)-2 


5 


(31000000) 


S0(12) X SU(2) X U(l) 


(32„l)-i + (12,„2)i 


(32„l)o + (l,l)2 + (l,l)-2 


6 


(22200000) 


SO(IO) X SU(4) 


(16e,4) 


(10., 6) 


7 


(31111100) 


SU(8) X SU(2) 


(28,2) 


(70,1) 


8 


(40000000) 


S0(16) 


nothing 


128c 



Table 6: The resulting gauge groups and six dimensional untwisted matter representations are given 
for representatives of the possible Z4 gauge shifts. General gauge shifts, which have been brought to 
their standard form, are classified by computing 8V^. For 8V^ = 4 there are two inequivalent gauge 
shifts that can be distinguished by mod 2 = 0, 1, as is discussed in appendix lC.il 
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These double twisted zero modes are really obtained by compactification of the six dimensional 
twisted states to four dimensions. But as the geometrical analysis of r^/Z4 in section |21 taught us, 
r^/Z4 contains six two-tori and four orbifolds (r^/Z2's), and only these orbifolds contain (as their 
fixed points) the fixed points of r^/Z4. Since we are interested in the local spectra at these fixed 
points, and we want to use the four dimensional zero modes to infer these spectra, we have to take 
care, that we do not count zero modes coming from the two-tori, as they do not live at those four 
dimensional fixed points. But there is an easy way to take this into account. Compactifications on 

and T^/Z2 are closely related: If the zero mode spectrum on T^/Z2 is in representation T2, the 
zero mode spectrum on is T2 + T2. As argued in section [2l the orbifold T^/Z4 contains six 
and four T^/Z2, hence we find the zero spectrum IOT2 + 6T2. This pattern has been found for Z4 
orbifold models in refs. |28ll29j . At the fixed points of T^/Z2, which coincide with four fixed points of 
T^/Z4, the double twisted states fall into representations T2. Finally, these double twisted states are 
the local projections of six dimensional states, which live in the representation defined in ()23() : The 
double twisted representation T2 is obtained by the decomposition 

8(2^4] + 4D[2V4] ^ T2[i4] + T2[V4]' (24) 

associated with the branching (^[2^4] ^ ^[¥4] of the six dimensional gauge group to the four dimensional 
one. We use V4 to denote a generic Z4 gauge shift vector. The possible double twisted representations 
have been listed table [3 

Since apart from the double twisted states at the fixed points, the method working with an equiva- 
lent model proceeds as discussed in ref . m] , we only quote our definitions here and give the spectra in 
similar tables as tables El and d Unlike the discussion of the previous section, here we do not include 
any gravitational induced states. The main reason for this is, that in the end we are interested in 
(local) anomalies, but gravitational states do not give rise to anomalies in four dimensions. Hence we 
can safely ignore them here. The full local four dimensional spectrum has been collected in table |SJ 
The possible different gauge shifts in a single Eg are listed in table and table El gives the modular 
invariant combinations. 

The (gauge part of the) untwisted spectrum falls into three categories, which we can describe 
using similar notation as in the six dimensional case: there is a four dimensional gauge multiplet in the 
adjoint Ad[y^] (corresponding to the gauge group G^y^]), and a single chiral multiplet in representation 
R[y^] . As can be seen from table El the latter representation is never complex. Additionally, one 
encounters two chiral multiplets in the representation 

r[V4] = I V^wi = I mod 1}. (25) 

The relevant four dimensional = 1 super multiplets for the untwisted sector have been given in table 
El The gauge group G[V4] may contain U(l) factor(s). The generators of these U(l)'s are proportional 
to the gauge shift embedded in the Cartan subalgebra: 

qiV4]=ylHj, q[v,]=ViH'j (26) 

in the Cartan subalgebra of both Eg's. These U(l)'s are normalized such that the smallest U(l) 
charge appearing in the untwisted sectors 'R[V4] and rjy^] has absolute value 1. The U(l) charges of 
the untwisted states can be found in table El 

To complete the local four dimensional spectrum, we mention the single twisted states. Here we can 
follow the same analysis as in section EI31 again we findA^jj^^ =0 leading to uj + (j)= (0, ±2, ±1, ±l)/4 
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shift 


gauge group 


single twisted 
Ti[y4] 


double twisted 
T2[y4] 


(3;0) 


Ee X SU(2) X U(l)x 

Eg' 


(27,l)_i/2(iy + 2(l,2).3/2(l)' 
+5(1,1)3/2(1/ 


(27,l)i(iy + (l,l).3(iy 
+2(l,2)o(iy 


(3;4o) 


Eg X SU(2) X U(l)x 

E7' X SU(2)' 


(i,2).3/2(i,2y + 2(i,i)3/2(i,2y 


(27, i).i(i,iy + (i, 1)3(1, ly 
+2(1, 2)0(1, ly 


(3;4i) 


Eg X SU(2) X U(l)x 

SU(8)' X U(l)' 


(1, 1)3/2(8/1 + (l,2).3/2(iy2 
+2(1,1)3/2(1)'2 


(1,2)0(8)^1 


(3; 8) 


Eg X SU(2) X U(l)x 

S0(16)' 


(i,i)3/2(i6.y 


(27,i)i(iy + (i,i).3(iy 
+2(1,2)0(1)' 


(7;0) 


SU(8) X SU(2)x 

xEg' 


(8,2)(iy + 2(8,i)(iy 


(28,i)(iy + 2(i,2)(iy 


(7;4o) 


SU(8) X SU(2)x 

E7' X SU(2)' 


(8,i)(i,2y 


(28,1)(1,1)' + 2(1,2)(1,1)' 


(7;4i) 


SU(8) X SU(2)x 

SU(8)' X U(l)' 


(8,1)(1)^ 


(l,2)(8)'i 


(7; 8) 


SU(8) X SU(2)x 

S0(16)' 


nothing 


(28,l)(iy + 2(l,2)(iy 


(2;i) 


S0(14) X U(l)x 

E7' X U(l)' 


(i4,).i(i);/2 + (i)i(i):3/2 

+5(i)i(i);/2 


(14,)o(l)'i + (1)2(1/1 

+(iy2(iyi 


(2; 5) 


S0(14) X U(l)x 
S0(12) X SU(2) xU(l)' 


(l)i(12„, 1)1/2 + 2(1)1(1, 2).i/2 


(14,)o(l, 1)1 + (1)2(1,1/1 
+(l)-2(l,l)-i 


(6;i) 


SO(IO) X SU(4)x 

E7' X U(l)' 


(16„l)(l);/2 + 2(l,4)(l)'i/2 


(10„l)(l/i + (l,6)(l)'i 


(6; 5) 


SO(IO) X SU(4)x 
S0(12)'x SU(2)'xU(l)' 


(i,4)(i,2yi/2 


(10„l)(l,l/i + (l,6)(l,l)'i 



Table 7: There are 12 modular invariant combinations of Z4 gauge shifts, which are listed in table 
El (The numbers (n; n') correspond to the first column of that table.) The resulting gauge group and 
the single and double twisted matter at a single fixed point is given. 
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since C(i) = 5/16. Invoking the GSO projection and requiring a phase i under the twist, gives the 
bosonic vacuum state |0, ^, |, — |)]^. For the left-moving sector we find the gauge representations 

Ti[y,] = {w I - V,f = li - ivi^)}, iVP = 0, i, 1. (27) 

In addition to the single twisted states there are the triple twisted states. However, it is not hard 
to show, that they have opposite chirality and are in the complex conjugate representation Ti. This 
just means, that the single and triple twisted states combine into chiral multiplets, as given in table 
[51 The possible representations Ti of within the 12 different orbifold models are collected in table [7| 



4 Orbifold traces and anomaly calculations 

In the previous section we saw, that the ten dimensional heterotic string states are projected at the 
six and four dimensional fixed surfaces of T^/Tj^. Similarly, the six dimensional states at the orbifolds 
TVZ2 within T^/Z^ give rise to projected states at the four dimensional fixed points. In particular, 
we have computed the representations in which all these states reside. To determine these spectra 
we used equivalent pure orbifold models. In particular, in section 13. .SI we used pure T^/Z2 orbifold 
models to determine the local six dimensional spectra on T^/Tj^. However, as we warned at the 
beginning of section this method does not directly apply to the computation of anomalies and the 
computation of traces of operators on these orbifolds in general. The task of this section is to obtain 
exact expressions for such traces on the orbifolds T^/Z4 and T^/Z2. Moreover, since some of the six 
dimensional twisted states within T^/Z,^ live on orbifolds T^/Z2, we also give a trace formula for that 
case. The general machinery for such calculations has been collected in ref. ^3] on which this section 
is based heavily. We first give the general trace formulae, and we apply them to compute anomalies 
in subsection 14.21 



4.1 General orbifold trace formulae 

Example 4.2 of ref. gives the expression for the trace Tr^Ayj-e /^^ji[0] over the T^/Z4 orbifold 
Hilbert space of an arbitrary operator 0{x,z;d). The orbifold twist operator TZ = R exp{2Tri (p^ Si) 
acts on both, gauge and spacetime indices. Hence here we may simply copy the result: 



Tr 



1 1 

+ 4 'I^Z^^CK^XT^SLJ 



+ 



p=q 



(28) 



where the operators Oqi, i = 1, 2, 3 are defined by 



Oe = o(x,z;^di,^^d2,^d3), Oe2 = o(x,z;di,^d2,^d3], 



03 



0(x,z;^di, ^82,^83 



(29) 



From the first term we learn, that one quarter of the states on M^x r^/Z4 behaves like ten dimensional 
ones, but without any orbifold twist acting on their spacetime or gauge indices. The second term on 
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the first line of (|28j) is evaluated at the four dimensional fixed points, and the terms on the second 
line give the contributions at the fixed T^'s and r^/Z2's. The presence of Wilson lines in the form of 
periodicity matrices T are taken into account by the local matrices 



7^: 



(30) 



where Si denotes the spins in light -cone gauge and the local shifts are given in (jlbf) . It should be 
stressed, that these traces on the six and four dimensional fixed surfaces are still taken over the ten 
dimensional gauge and spacetime representation space. To obtain traces over the gauge and spacetime 
representations of lower dimensional fixed spaces, one needs to take into account the phase factors 
coming from (|3()j) . In the discussion of the application of these formulae to anomalies in section 14. 2| 
we explain how this works. 

We have seen in section that the local six dimensional spectra of T^/Z4 and T^/Z2 can be 
identified locally. However, when one computes traces over the Hilbert space of T^/Z2 one obtains a 
somewhat different result than the one for T^/Z4 given above: 



TrR''xT2xr2/Z2,7e 



O 



1. 



-Tr 



'K4xT2xT2 /Z2 



o 



+ 



1 1 

2 ' 16 



(M4xT2,32,,) 



02 



(31) 



PA 



here 0@2 is again given by H29|) . (This result is obtained by the methods discussed in ref. ^Sl-) The 
two main differences with (|28|) are, that the traces at the four dimensional fixed points are absent, of 
course, and that there are now factors of 1/2 instead of 1/4. 

As the discussion in section |21 revealed, the orbifold /'L^ contains fixed orbifolds T^/Z2, which 
support six dimensional twisted states as given in section 13.31 therefore we also give the final trace 

xr^/Z2,3p=„) for an operator O that 



formula for this case. The trace formula at such an orbifold 
acts on these twisted states reads: 



Tr 



2,3?=,),-?^ 



O 



1. 



-Tr 



2 ; 3p — g ) 



O 



+ 



1 1 

2 ' 4 



(32) 



where Oq = 0{x^z] \di). The pattern of this expression is similar to (|3H) : There is a six dimensional 
part, where the trace is evaluated on the orbifold T^/Z2 without any orbifold twist in the spacetime or 
gauge sector. And in addition, for the second term we can recognize the factor 1/4 that arises because 
T^/Z2 has four fixed points. (The expression here is consistent, because for p2 = q2 and = the 
matrix TZp^g squares to the identity.) 

4.2 Anomaly calculations using trace formulae 

We now briefly describe how these general trace formulae for T^/Z^, T'^/Z,2 and T^/Z2 can be ap- 
plied to the evaluation of anomalies. Anomalies correspond to the formal Hilbert space trace in 2A^ 
dimensions 



^2Jv(A) = 27riTr(fA), 



(33) 



where A corresponds to a gauge or local Lorentz transformation, and T is the chirality operator. To 
evaluate this trace one needs to regularize this expression, for example, by employing the heat kernel 
regularization following Fujikawa |3f)| I31j . As the treatment of this method to orbifolds has been 
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recently discussed in refs. jl4[ 111! IT^. we here only focus on some important consequences that can 
be read off from the trace formulae given in the previous subsection. 

Let us start with applying the result (|28j) for r^/Z4 to anomalies. We see that there is a ten 
dimensional anomaly but with a relative normalization factor of 1/4 w.r.t. the result on a smooth ten 
dimensional manifold. Next, the two expressions on the second line refer to trace contributions at the 
six dimensional fixed hyper surfaces, x and x T'^/Z2 of T^/Z4, respectively. As stressed below 
that equation, the traces are still taken over gauge and spacetime representations in ten dimensions, 
while we would like to express the result for the anomaly in six dimensional representations only. To 
do this we need to keep track of the phase factors resulting from Tlp^g, given in (|3fl|) . We will not give 
this calculation for all states, but just illustrate the method for the ten dimensional gaugino. This 
state can be decomposed as 



Ad[.^ j) + |R[.^,]) ) 1^, f , f , ^)]vs' (34) 

where we have taken into account that the ten-dimensional gaugino is left-handed. The six dimen- 
sional chirality of these states is given by aia2 = 0304 , and their phase factors are computed easily: 

I A Hi -1 iM 02 03 a4\„ _ „27ri 0+i(a3+a4-2a2) I * 1 \ 1 020304 02 03 04 \ . 

'^p,(? |-^"[ii^„]/l 2 ' 2 ' 2 ' 2 /NS ~ l-^"[''pg]/l 2 ' 2 ' 2 ' 2 'NS' 

ri 1 1 ^^^^ 

7?2 IR, n ,\ I 020304 02 03 04 \ _ 2tTI i + i(03+04-202) IT} \ I O2O3O4 02 O3 04\ 

'^P,q\^^lv^q]n 2 ' 2 ' 2 ' 2 'NS '""bp,]/! 2 ' 2 ' 2 ' 2 'NS' 

The factor exp27ri ^ leads to the opposite sign between the states in Ad[^2 j and Rjj,2 y This reflects 
the opposite six dimensional chirality of vector and hyper multiplets. Computing the remaining sum, 
noting that exp27ri = —1 gives 

(a3a4)e2"* [1(03+04-202)] ^ 4^ (3g) 

03,04 

shows that the factor 1/4 of (|28() is canceled. Notice that this leaves only 02 = ± to give two degrees 
of freedom. However, since six dimensional chiral spinors contain four degrees of freedom (on-shell) 
we have to introduce a factor 1/2 to normalize the anomaly to the anomaly of a chiral six dimensional 
fermion; this result is given in equation (|38|) below. 

Similar arguments can be used to evaluate the anomaly at the four dimensional fixed points. From 
the second (two) terms of (|28|) we obtain the symmetrization factors due to TZpg and CR-pg)^ = {T^pq)~^- 

y |g27ri [1+1(03+04-20304)] _^ g-27ri [3 + 1(03+04-20304)] | = 4, (37) 
03,04=+ 

since all ten dimensional states |r[^4 j) |^, "^^""^ , ^)]^ in this representation contribute (only the 
four dimensional chirality has already been fixed). This cancels one 1/4, and the factor 1/16 remains. 
The other four dimensional representations Ad[^,4 ] and R[t,4 ] are not complex, and hence do not give 
rise to a four dimensional anomaly. 

Putting all this together, we find that the final result for the gaugino anomaly is given by 

.4„^.„..|E,.(A) =/{ J ■ 5 4|Ad|,| + S 1^ ■ 5 ('SIA"!.?,! " 'Wi.X'-' ~ 
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Here Ijat denote the anomalies associated with the closed and gauge invariant anomaly polynomials 
I2N+2 via the descent equations 

d/2Af+l = -^27V+2, SAhN+l=dl2N; with /2Af+2|r = ^(^)chr(ii^), (39) 

where in the last equation the general (2iV + l)-form anomaly polynomial for a chiral fermion in 
representation r is defined. Here A{R) is the roof genus of the curvature two form R, and chr(i-F) 
the Chern character of the field strength two form F, for their definitions see e.g. [321 1331 1511 135j . 
(Throughout this work we assume wedge products between forms to be understood.) In ten dimen- 
sions, spinors are both chiral and Major ana, this means that only half of the states contribute to the 
anomalies; this explains the appearance of the factor 1/2 of the first term of (|38|) . As discussed above, 
the factor 1/2 in front of the second and third terms is due to the normalization of chiral anomalies in 
six dimensions. The factor 2 in front of the last term is due to the fact that states in representation 
rjy^] have multiplicity 2, see table El 

It should be noted that the calculation presented in (|36j) . where all traces have been expressed in 
a six dimensional form, applies equally well to the case of the orbifold T'^ jTL^. Using the trace formula 
(|31|) for that orbifold we find for the gaugino anomaly 

Observe that there is a difference of a factor of two between this expression and (|38jl for both the ten 
and six dimensional anomalies. 

The computation of the anomaly for six dimensional states on T^/Z2 is straightforward and similar 
to the results presented above. Using H32() we find for the half-hyperinos 

For the hyperinos that live on the two T^'s which are identified, the anomaly is given by the first two 
terms in this equation, because like for the orbifold only half of the states exist at a two-torus. 



5 Anomalies 



Anomaly investigations of ten dimensional theories have played an important role in the development of 
string theory. In particular the possibility of canceling factorisable anomalies via the so-called Green- 
Schwarz mechanism |16j paved the way for heterotic string theory. On orbifolds the ten dimensional 
factorization is still at work. The 12-form anomaly polynomial is given by 



12 



trii^ 



30 



tr(iF)2 



1 

30' 



-tr(iF' 



■'\2 



1 



GS 



(42) 



where Xgcs is the standard Green-Schwarz eight form ^HHniEZI- Here we have explicitly given the 
factor 1/4 that arises because we have to evaluate the anomalies on the orbifold T^/Z^. From the first 
term of (|38() . we see that we only get 1/4 of the anomaly on a smooth manifold. Next we investigate 
the anomalies at the fixed spaces of the orbifold T^/Z^. 
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model 


Gi 


E7 


SU(2) 


Eg' 


S0(16)' 




Ci 


1/6 


2 


1/30 


1 


(1,0) 


di 


1 


12 


-1/5 




(1,2) 


di 


-1/3 


28 




2 



Table 8: This table gives the factorization coefficients Cj and di, defined by (|48p. for the two heterotic 
models (1,0) and (1,2) as given in table|31 

5.1 Local six dimensional anomalies 

Six dimensional anomalies arising from compactification of ten dimensional supergravity coupled to 
Eg X Eg' super Yang-Mills have ffi'st been considered in |SZ]. The application to heterotic orbifold 
models can be found e.g. in |38j . The relevant representations for the local six dimensional anomaly 
investigation have been given in section ESI We denote the six dimensional anomaly polynomial for 
a fermion with positive chirality transforming in representation r by 

I = _4- \—t,,{iFf - -tVr{tF)hrR^ + ^ ( -tiR' + -{tTR^?)] . (43) 
^1"^ (27r)3 L24 ^ ^ 96 ^ ^ 128 V45 36^ wJ ^ ^ 

(This formula also applies to gauge singlets, in which case all traces trr are of course zero and dimr 
denotes the number of these gauge singlets. For a single gauge singlet we denote its anomaly polynomial 
by /g|i/2-) This equation directly applies to gauginos, because they have positive chirality. Since the 
chirality of the hyperinos and the dilatino is negative, the overall sign of the anomaly polynomial is 
opposite. (We give this sign explicitly to avoid confusion.) In addition, the anomaly contribution of 
the gravitino reads 

4,3/2 = 7^—(—trR' - %rRr). (44) 
^'•^/^ (27r)3 128 V 45 36^ W ' 

Combining these ingredients, the total anomaly polynomial for the heterotic T^/Z,^ orbifold model at 
a six dimensional fixed point 3pq is given by 

4|3?, = ^^13/2 - ^(1 + 4)/g|l/2 + ^4|Ad;^,^, - ^4|R(„2^, - ^(4|S(„2^, +4|D;^2 J- (45) 

The different contributions are due to the gravitino, the dilatino and the 4 neutral hyperinos, the 
gaugino, the untwisted matter, and the twisted matter, respectively (see table HJ. Here we used the 
anomaly results (|38j) and (|41j) obtained in section 14.21 (Only the gauginos are treated there, but the 
discussion extends to gravitino and dilatino as well.) We should note that if one does this analysis for 
T^/Z,2 one obtains two times the result of H45|) . which follows from H40|l and the fact that in that case 
the (half-)hyperinos on the six dimensional spaces are not orbifolded. 

Since both six dimensional models we encounter in this work (see table ^ do not contain Abelian 
subgroups, we are concerned with semi-simple gauge groups only. The non- Abelian anomalies do 
not have to vanish identically, but can be canceled by a six dimensional Green-Schwarz mechanism 
instead. For this it is crucial that the anomaly polynomial factorizes, which means in particular that 
all irreducible anomalies have to vanish identically. For both models the irreducible gravitational 
anomaly tri?^ vanishes because of the relation between the number of vector and hyper multiplets 

^(245 -1-4) + ^dimAd[,2^] - ^dimR[,|^] - i (dimS[,2^] + dimD[,2^]) = 0, (46) 
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at a given six dimensional hyper surface (This is nothing but the local version of the well-known 
zero-mode statement, that the total number of hyper- minus vector multiplets must be 244). Of the 
groups appearmg m tablelH only S0(16)' has a non-vanishing fourth order Casimir and may therefore 
lead to irreducible gauge anomalies. However, by virtue of the S0(16)' trace identities [3^1 EHl for the 
adjoint and spinor representation 



tri2o(ii^)' = StrieiiF)^ + 3{tv^6{iFff, tri28(iF)' = Stv^eiiF)^ + 6{tTie{iFfy 



(47) 



also these irreducible anomaly contributions of the gaugino and the untwisted and twisted matter 
cancel each other: (1/16)8 — (1/16) (—8) — (1/2)2 = 0. The remaining six dimensional reducible 
anomaly at a given fixed point 3pg always factorizes into the form 



E 



CitriiFi 



(27r)3 162 



tri?2 -^ditr{iFif 



(27r)3 162 



-(tri?2)2+ 



i 



^Cidjt-[{iFi)'^tv{iFj] 



(48) 



where i , j runs over the (semi-simple) gauge group factors and the traces are taken in the corresponding 
fundamental representations. The factors q give universal normalization of the quadratic traces in 
the sense, that they only depend on the gauge groups: Cj = 2//(Gj), where l{Gi) is the index of the 
group Gi. On the other hand, the coefficients di are model dependent, as can be seen from table |B1 
where we have listed Cj and di for both models of tabled 

We do not give the details for the derivation of these coefficients from (|4H|1 and (|45j) : they are 
obtained using trace identities, like (|17)) . which can be found e.g. in jSHlinHl- However, we would like 
to remark that the relation between these coefficients is rather delicate: For example, the mixed gauge 
anomalies, that appear in the last term in the second line of H48|) . can only arise if there is matter 
charged under two gauge group factors Gi and Gj simultaneously. Therefore, if two group factors do 
not have any matter that is charged under both, their coefficients satisfy Cidj + diCj = 0. In model 
(1, 0) there is no mixed matter that is charged under Eg', hence this relation is fulfilled for j = Eg', as 
is readily verified from table |S1 Model (1,2) does not contain any matter charged under both E7 and 
S0(16)', so a similar conclusion holds. 



5.2 Local four dimensional anomalies 

The relevant representations for the local four dimensional anomaly investigation have been given in 
section 1231 We denote the four dimensional anomaly polynomial for a fermion with positive chirality 
transforming in representation r by 



6 r 



(27r)2 



^IVriiFf - ItrRhrriiF) 



(49) 



The general form of the anomaly polynomial at the four dimensional fixed point 3pg of T^/Z,^ is given 
by 



■^6134, 



16 ■^^^''•[-^, 



(50) 
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SU(8)' 
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Table 9: This table shows that all non-Abelian anomalies, which may arise in the eight models with 
non-automatically anomaly free groups, are canceled locally at each four dimensional fixed point of 
TVZ4. 

This result is obtained by combining ()38() and (|41() . The first term is due to the part of the ten 
dimensional gauginos that resides in representation r^^i j. The other ten dimensional states do not 
give rise to anomalies since their representations Adjj,4^] and 'R[v^^] are by definition never 
complex. The six dimensional twisted states at the orbifold T^/Z2 (that contains 3pg) give rise to the 
second term in (jSUJ. 

We show that there are no non-Abelian anomalies at any of the four dimensional fixed points. The 
relevant groups and representations for the local anomaly analysis have been given in tables El and [7| 
Of all possible local non-Abelian gauge groups only SU(8), SU(4) and SU(8)' are not automatically 
anomaly free. (Here we refer to table [7| to identify these groups.) In table |H1 we verify explicitly that 
all models, that contain these gauge groups, do not suffer from non-Abelian anomalies. For the SU(4) 
cases this is straightforward, for some of the SU(8) and SU(8)' cases, trace identities are needed (cf. 

e.g. IHHISHI)- 

Models that contain U(l) factors may be anomalous, but like in ten and six dimensions the anomaly 
polynomial f actor izes |4flj : 



^6131, 



tvR' - cM^F^f] [Fu(i) tr((?,4^) + F^^.y tT{q'^,j] (51) 



where the coefficients Cj are again related to the indices of the various groups that exist at this four 
dimensional fixed point. Because factorization only allows a single field strength 2-form to appear 
on the right hand side of (|51() . only U(l) factors may have pure and mixed anomalies. Here the 
charges g^4 and q' 4 are defined as in (j^H). In fact, it is simply the local sum of U(l) charges that 
decide whether a given U(l) factor is anomalous or not. In tabled) we have computed the sum of 
charges for all models with U(l) factors, listed in table [Tj The models (3;0) and (3;4o) do not have 
an anomalous U(l) even though they contain U(l) factors. All other models considered in table ITUl 
have only one anomalous U(l) in one of the two Eg factors, except for model (2; 5), which seems to 
have two. However, as observed in ref. [U one can always find two other linear combinations of the 
charges q^i and g'4 , such that only one of them is anomalous. 
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models with U(l) factors 





(3;0) 


(3;4o) 


(3;4i) 


(3; 8) 


(7;4i) 
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(2; 5) 
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(6; 5) 
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4 


(8,7) 
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7 


-1 




6 


-6 


(0,-4) 


6 


4 
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(0,3) 


-1 


-1 




-12 





(12,0) 


24 


16 


(-8,8) 


(16,4) 


12 


-4 


sum 








(18,0) 


36 


24 


(0,18) 


(24,6) 


18 


-6 



Table 10: The sum of charges of models with U(l) factor(s) is computed for each matter sector (rjy^j, 
T2[v'4] '^i[V4]) separately. (If a model contains two U(l)'s, the bracket indicate the sum of charges 
of the U(l)'s in the Eg and Eg' sectors.) The sum of these three contributions determines whether 
that U(l) is anomalous or not. 



5.3 Local Green— Schwarz mechanisms 

To conclude the discussion of anomalies, we return to the Green-Schwarz mechanism to cancel the left- 
over and factorized anomalies locally at all the fixed hyper surfaces of T^/Z^. Since the essence of this 
mechanism on orbifolds has recently been discussed in ref. ^5], we here only quote the particularities 
of the investigation on T^/Z^. 

The theory of = 1 supergravity in ten dimensions can be formulated using a two form B2 
(alternatively one can use a six form potential [121 ESI HI] ) described by the action 

SgS = j -^*dB2dB2 + i*X3+X7)dB2-^*X3X3, (52) 

which is invariant under the natural gauge transformations of the 2-form 6\^B2 = dAi. Here the 3- 
and 7-forms X3, are derived from arbitrary closed and gauge invariant 4- and 8-forms, X4, Xg, by 
Poincare's lemma (i.e. locally dX^ = X4 and dXj = Xg). The gauge variation of the 2-form and its 
action reads 

6aB2 = XI 5aSgs= f X75AX3, (53) 



where A may refer to either a gauge transformation 6aAi = dA + [A, Ai] or a local Lorentz transfor- 
mation Sluji = dL + [L,t(;i] of the spin connection one form toi. 

In the preceding subsections we have observed that the ten, six and four dimensional anomalies 
factorize, see equations ()42() . ()48|) and H51() . The anomalous variation of the Green-Schwarz action 
(|53|) can cancel all these anomalies simultaneously, by taking 

X^ = tri?2 - -Ltr(iF)2 - -Ltr(iF')^ 

Xs = iXgG5+(2^Ti^[tri?2_^^d,tr(iF,)2] 6Hz-3l,)d^z (54) 



+ 



(2^0^48 



i^U(i)tr(g) + ^U(i)'tiV) <5^(^-3^,)dS. 



3-* 

Jp5 



Here the notation [. • •]32^ signifies that the expression in between the brackets is evaluated at fixed 
hyper surface 3pg, and so on. The reason that these forms can cancel the anomalies in the var- 
ious dimensions is, that when X4 is restricted to a lower dimensional hyper surface, the terms 
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Figure 2: Fayet-Iliopoulos tadpoles for D generated by ten dimensional gauge fields and six and four 
dimensional twisted states. 

(l/30)tr(iF)2 + (l/30)tr(iF')^ always reduce to X). Ci tr(zFi)2, which appears in the factorizations 
()48() and H51|) in six and four dimensions, respectively. Therefore, the universality of the coefficients 
Cj, as noted in sections 15.11 and 15.21 is essential to ensure this. 

Let us close with some comments why the local Green-Schwarz mechanism will always work within 
heterotic orbifold models; i.e. explain why the local factorization of the orbifolds T^/Za or T^/Z4 were 
no accidents. As discussed in this paper and in refs. jl4l I15j . the local shifts at the orbifold fixed 
points should satisfy the appropriate modular invariance requirements of string theory. However, for 
the zero mode anomalies, it was demonstrated in ref. [HIl that modular invariance implies factorization. 
Since for pure orbifold models, there is a direct identification between the zero mode anomaly and 
the local anomalies at the fixed points, this implies that the factorization holds at all fixed points 
separately. Naturally, this local factorization continues to hold when Wilson lines are present, since 
the factorization only depends on the modular invariance of the local gauge shift at a given fixed 
point. 

6 Fayet— Iliopoulos tadpoles on jlL^ 

The appearance of anomalous U(l)'s in a four dimensional supersymmetric gauge theory is associated 
with Fayet-Iliopoulos tadpoles for the auxiliary D fields of the U(l) vector multiplets being generated. 
For the heterotic string compactified on /'L'j, the local structure of such tadpoles were calculated in 
|15j . Moreover, it was explicitly shown there that these tadpoles for auxiliary field components are 
associated with tadpoles for the internal gauge fields. Here we refrain from giving a complete discussion 
of these different tadpoles on jTL/^. We simply give the expressions for the D term tadpoles, as they 
can straightforwardly be obtained from the general trace formulae presented in section H) 

Using the four dimensional off-shell formulation of ten dimensional super Yang-Mills [IJl) it is not 
difficult to see that the possible diagrams that contribute to tadpoles are the ones given in figure |2j 
In the loop they contain the ten dimensional gauge fields and the six and four dimensional twisted 
states. 

Since the only possible local anomalous U(l) generators are or (( ^ defined in l|26|) . we only 
have to give tadpole expressions for those generators for fixed point 3pq: 

^FI = D' / ^ . + + U6(^_34 (55) 

} (27r)4 |p2 + lAi + iA23 p2 + iAi p2 J V v^> 
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The factors 1/4 and 1/2 in front of the internal Laplacian Ai = didi and A23 = 8282 + 93^3 are a 
consequence of the trace formulae, see (|28() and (jSU- We have written this expression in such a way, 
that the relative contributions of the different terms at each of the fixed points of T^/Tj^, can directly 
be read off from table [TUl 

If one uses a cut-off scheme to regularize the divergences here, one finds quadratically divergent 
contributions for the anomalous U(l)'s. However, for all U(l) factors, anomalous or not, at least 
logarithmically divergent tadpoles are generated. Due to supersymmetry similar tadpoles arise for 
the Cartan directions of the internal gauge fields as well. Their background will be similar to the one 
obtained in ref. ^Hj for the T^/Z^ orbifold. 

7 Conclusions 

In this paper we have investigated the local properties of heterotic Eg x Eg' theory compactified on 

X r^/Z4. Because this orbifold contains both, four and six dimensional fixed hyper surfaces, the 
zero mode spectrum of the theory can be rather complicated; certainly when Wilson lines are present. 
However, at the fixed points locally the structure of the heterotic string is very transparent: At the 
six dimensional hyper surfaces all spectra are equivalent to one of two possible T^/Z2 models, while 
at the four dimensional fixed spaces there are essentially 12 different spectra possible. 

We derived the local anomalies on the orbifolds T^/Z^, T^/Z2 and T^/Z2 by applying a general 
method to compute traces over orbifold Hilbert spaces, developed in ^5]. The calculation of the 
anomalies on r^/Z2 confirms the expectation that the anomaly structure of this orbifold and of 
the six dimensional hyper surfaces of T^/Z,^ are closely related: However, an important numerical 
difference of a half was found to be the result that one is a Z2 and the other a Z4 orbifold. Some of 
the six dimensional hyper surfaces within x jTL/^ are orbifolds themselves, namely T^/Z2's. The 
twisted states there give rise to anomalies in four and six dimensions. 

Collecting the anomaly contributions from the various sectors of heterotic string theory on this 
orbifold, we found the following results: The ten dimensional anomaly has a normalization factor of 
1/4 w.r.t. the standard ten dimensional heterotic theory. The non-Abelian anomalies factorize at each 
of the six dimensional fixed hyper surfaces separately. (Six dimensional Abelian anomalies are absent 
for all models.) Similarly, the Abelian anomalies factorize at the four dimensional fixed points, while 
non-Abelian anomalies never arise there. These conclusions were obtained by using the fact, that at 
each four or six dimensional fixed point only a finite number of equivalent models can arise. Because 
of the universal factorization involving the restriction of tri?^ — ^tr(zi^)^ — ^tr(ii^)^ to the respective 
local gauge groups of the various fixed surfaces, the Green-Schwarz mechanism is able to cancel all 
factorized anomalies, in four, six and ten dimensions, locally at the same time. Using the modular 
invariance of the local shifts, it can be understood that factorization is implied |4Uj . 

We computed the local Fayet-Iliopoulos tadpoles at the four dimensional fixed points by using 
the general trace formulae of ^3] again. For all local models involving U(l) factors, such tadpoles 
are generated, even if those U(l) factors are not anomalous themselves. However, in that case the 
divergence of the Fayet-Iliopoulos tadpole is only logarithmically instead of quadratically. 
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A Spinors in ten dimensions 

This appendix provides some useful background for ten dimensional spinors which are used in the 
main text of this work. (More details can be found in |46M26j .l We take the (1, 9) dimensional Clifford 
algebra generated by 



(A.l) 



Here we have introduce a short hand notation for the tensor product of five times the two dimensional 
Clifford space. These two dimensional Clifford spaces are generated by the Pauli matrices ai and <T2- 
The two dimensional chirality operator is (73. An explicit representation of these matrices reads 

-CO' '^-^^ 

The matrices ai and (72 can also be used as the charge conjugation matrices = g\ and s_ = (T2 = 
-ia"3S+ in two dimensions 

s± Oi s± = zbfjj , z = 1, 2, CJ3 s± = -0-3 , = s± = s!^ = -s_t. (A. 3) 

Notice that in two Euclidean dimensions one can only define Majorana fermions w.r.t. the charge 
conjugation s+, because {rj'^'^y^ = ±77, where ry*** = s±{r]^)'^. Now, let 77 be a Majorana fermion and 
denote two dimensional chiral spinors as r/^, where cr^r]^ = kt]^. The charge conjugates of these 
spinors have opposite chirality: (??«)*+ = ^-re- 
using the basis of generators for the (1,9) dimensional Clifford algebra and the charge conjugations 
in two dimensions, it is not hard to show that the charge conjugation matrices = {s±, S:p, s±, S:p, s±) 
in ten dimensions have the properties 

{C^)-'^TmC^ = ±rlj, (C±)-^fC7± = -F, (C^)-^ = (C^)^ = = ±{C^f . (A.4) 
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Here we have introduced the (1,9) dimensional chirality operator T = (cjs, us, us, (T3, (T3). A basis for 
ten dimensional spinors is given by 

I'5){1,9) =%So ^254, l*®f^3«)l^-M'5)(l,9) =25, |S)(i,9), (A.5) 

with S = (Si), i = 0, . . . 4 and Si = ±i. The Majorana conjugation of such a spinor reads 

(^l'S')(i,9)j = a± |-5')(i,9), (A.6) 

with a+ = — (2S'i)(253) and q_ = i(25o)(2S'2)(2S'4). However, a general spinor build out of this basis 
is not irreducible. In fact, from the properties above, it follows that in (1,9) dimensions Majorana- 
Weyl fermions exist: 

rx = Px, x''^=c^x^ = x, (A.7) 

with chirality /3 = it. Since we encounter spinors of both chiralities in the main text, we only solve 
the Majorana condition explicitly: By going to light -cone gauge (with the assumption that the spatial 
momentum vector is in the 1 direction) only the last four spinor indices of |S')(i 9) are relevant, and 
we may fix 5o = +1/2, since by Majorana conjugation HA.6|) we can always obtain Sq = —1/2. This 
leads to the introduction of a spinorial basis for SO (8) 



\s) = msi^ ■■■®ms4- (A.8) 

The relation with the (1, 9) dimensional spinors is therefore | ± |, =bS')(i^9) = ??± (8) | ± 5"). Since we may 
fix 5o = 1/2 by the Majorana condition, it follows that a (1, 9) spinor of chirality it is represented by 
SO (8) spinors |5) with IK^'S'i) = ±. (The definition of \S) can be naturally extended to any irreducible 
representation of S0(8). For example, the vector representation is denoted by |±1, 0, 0, 0).) 



B Supersymmetric multiplets in six dimensions 

This appendix is devoted to a brief exposition of important supersymmetric multiplets in six dimen- 
sions. Following ref. jUj we classify the multiplets using the little group SU(2)_j_ x SU(2)_ = S0(4) C 
S0(1, 5) and the i?-symmetry group SU(2)j:j of super symmetry. (The subscript it refers to the Spin(4) 
chiralities.) On the light-cone the following multiplets can be found: 

SUGRA = (3, 3; 1) + (3, 1; 1) + (3, 2; 2) 

tensor = (1, 3; 1) + (1, 1; 1) + (1, 2; 2) 

vector = (2, 2; 1) + (2, 1; 2) 

half-hyper = (1, 1; 2) + (1, 2; 1) 

in terms of irreducible SU(2)_|_ x SU(2)_ x SU(2)^ representations. Here the last terms of each row 
always contain the fermionic super partners of the multiplet. The bosonic content of the supergravity 
multiplet is the graviton gmn (with m,n = 2, . . . 5 spacetime indices in light-cone gauge) plus the anti- 
self-dual part of the anti-symmetric tensor i?mn- The bosonic constituents of the tensor multiplet 
are the self-dual part of the anti-symmetric tensor Bmn and a dilaton a. From this we see that in 
supergravity models the supergravity multiplet comes together with a tensor multiplet. 
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As some of these multiplets may come from ten dimensions upon compactification, we briefly 
describe how these representations can be described using the S0(8) weights discussed in section IXTl 
and appendix EI From the branching rule 

S0(8) ^ S0(4)^ X SO(4)2 ^ SU(2)+ x SU(2)„ x SU(2)^ x SU(2)^ (B.l) 

we get the following roots corresponding to SU(2)'s: a+ = (1,1,0,0), a_ = (1,-1,0,0), ur = 
(0,0, 1, 1), and an = (0,0, 1,-1). The holonomy group S\J{2)jj just represents an internal symmetry 
from the six dimensional point of view. (Since the holonomy SU(2)j|^ is broken to Z2 in our orbifold 
limit, the representations under S\]{2)j^ give merely rise to phase factors and multiplicities.) 

For a detailed description of the construction of supergravity, tensor, vector and hyper multiplet 
systems in six dimensions, see refs. |481 I49j for example. Here we mainly focus on the fermionic 
properties of these multiplets as they are important for the computation of six dimensional anomalies. 
To describe these properties we take the gamma matrices F^, m = 0, . . . 5, that generate the Clifford 
algebra in six dimensions. Using the basis given in ()A.1|) . the corresponding chirality and charge 
conjugation matrices can be represented by 

fe = (0-3, 0-3,0-3, 1,1), Ce = {s-,s+,s-, 1,1). (B.2) 

Their properties can be summarized as 

(C6)-^F„C76 = -F^, iCer'feCe = -rl (Cg)"^ = (Ce)^ = Q = +(^5)^. (B.3) 

We can define six dimensional chiral spinors as those having a definite eigenvalue under Fg. One 
cannot define Majorana fermions because for any spinor ^ 

However, we can define symplectic Majorana fermions 

C^«=pC, (pt)^p=-U, P^ = -P, (B.5) 

in terms of a matrix p. These two properties follow by demanding consistency with ()B.4|) and the 
requirement that the kinetic Lagrangian for the fermions ^ = (C°) is a scalar quantity. It follows that 
the number of indices a is always even. For the smallest choice of two, the matrix p then takes the 
form 

^ = -^ = (-1 J)- C'-^) 

In general the matrix p can always be brought to the form p = 1 ^ e. The essential properties of six 
dimensional spinors are therefore encoded in their chirality and the corresponding matrix p. For the 
relevant multiplets of this work, we have listed them in table IBTI 

The reality condition of the hyper multiplets appearing in table Ib!T] is of special interest in section 
18.31 If the fermions are in a real or complex representation, then the number of components has to be 
doubled before the reality condition can be imposed: Let iphea chiral fermion is such a representation, 
then the corresponding chiral symplectic Majorana spinor is given by 

c . {_;a,) . with c- ^ (_: :) c. (B.7) 
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six dimensional supermultiplets 


multiplet content 


reality 


chirality 


SUGRA Qmn, Bmn, 

+ tensor Vmi -^^ 


= e A 


f eV'm = V'm 

fgA = -A 


vector A^, x' 


X'^'' = e X 


Tex = X 


hyper qf, C 


q* = -pqe 


f eC = -C 



Table B.l: The most common six dimensional supergravity multiplets are given together with the 
reality and chirality properties. The indices i and a are SU(2)^ and USp(2N) indices, respectively. 

However, if the fermion is in a pseudo real representation, then it can be directly used to form 
a special kind of hyper multiplet: the so-called half-hyper multiplet. The reason for this is that a 
pseudo real representation comes with a real anti-symmetric matrix p such that |5(H 15 Ij 

T* = -pTp-\ p^ = -p, (B.8) 

for the representation matrix T of the group. 

C Eg Weyl reflections and classification of Eg shifts 

In the main text we have used extensively that the local shifts are equivalent to only a limited set of 
standard shifts of both Z2 as well as Z4 twists. Here we give a classification of the possible shifts. The 
material presented in this appendix is related to the Z3 shift classification presented in jl4[ I52j . In 
section im we have given the Eg roots as roots and weights of the positive chiral spinor representation 
of S0(16). Since a gauge shift v of a Z^v orbifold has to fulfill Nv^wj = for all roots w, it follows 
that Nv is an element of the Eg root lattice, as this lattice is self-dual. Two Eg gauge shifts v and v' 
are said to be equivalent, v ~ v' , if 

v' = V + u, u ^ Ts or v' = Wa{v) = v — {a, v)a. (CI) 

where Wa{v) denotes the Weyl reflection in root a of Eg. Since all Eg roots have length 2, it follows 
that for a Weyl reflection v''^ = v"^. 

A useful application are the Weyl reflections at the 50(16) roots 

( Vi, V2, V3, . . .) ~ o6)( Vl, V2, V3, ...) = {TV2, TVl, V3, . . .). (C.2) 

Hence we see that by interchanging two shift elements, or replacing two shift elements by minus those 
elements equivalent shifts are obtained. In particular, if a shift has at least one zero, the sign of all 
other entries is irrelevant. 

C.l Classification of Z2 gauge shifts 

First of all, if V2 is an element of the Eg root lattice, the gauge group will not be broken, and hence 
be equal to Eg. Since the Eg lattice is even, such a lattice vector fulfills 2(V2)^ = mod 4. Assume 
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that V2 is not an Eg root lattice vector. To classify these Z2 gauge shifts we note that for all Eg roots 
a we have (V2 + a)^ = V2 mod 1, since (a, V2) = 0, 1/2 mod 1 and = 2. From this it follows that 
for equivalent Z2 gauge shifts V2 mod 1 is equal, since the sum of squared entries is always invariant 
under Weyl reflections. This completes the description of the Z2 gauge shift classification, the three 
possibilities are given in table 01 A standard shift can be defined by a shift with maximal number of 
zeros and all entries positive, which is the form we used in that table. 

C.2 Classification of Z4 gauge shifts 

For the classification of Z4 gauge shifts, we first need to bring them to a standard form: The entries 
of 4:V can either all be half-integer, or all be integer. Since all inequivalent models can be computed 
using only the latter type of gauge shifts, we will not consider half-integer entries here. Since (2, 0'') 
and its permutations are the sums of two roots of S0(16), we infer that the integer valued entries of 
Av can be restricted to Av^ = —3, . . . , 4. In fact, we may even assume that either Av = (4, 0^) or that 
no entry Av^ is equal to 4: If there are two or more entries equal to 4, then by adding the S0(16) root 
with —1 at two of these entries, they become zero. If there is just one entry equal to 4, then either 
4v = (4,0^) or there is another entry of Av^ = —3, . . . , 3, for which, by adding a S0(16) root again, 
we can make the 4 entry 0, and map 4v^ back into Av^ = —3, . . . , 3. (We have assumed, that if the 
shift contains more than one non-vanishing entries, this procedure has been applied throughout the 
paper to set all entries Av^ G —2, —1, 0, 1, 2, 3}.) 

From now on, we would like to exploit the following conditions: 1) Since Av is in the Eg root lattice, 
the number of odd entries of Av is always even. 2) If there is at least one entry Av^ = it follows from 
()(].2|) . that signs do not matter anymore; we take them positive. 3) A pair of entries ±3 can always 
be mapped to a pair ±1 by addition of an S0(16) root, so that we can restrict to at most one entry of 
3. 4) If there is a entry of 2 in a gauge shift Av with at least one zero, by adding a S0(16) root with 
— 1 at this entry, the 2 gets mapped to —2 which is with the help of 2) equivalent to 2 again, so that 
all other non-vanishing entries of Av are equivalent modulo 4. The standard form of a gauge shift is 
defined to be that form with the least possible numbers of 3's and 2's in Av. And we require that all 
entries are positive. This is always possible except when all entries of Av are ±1. If the number of 
minus signs is even, they can be made all positive, while in the odd case, one has to keep one — 1. 
The number of 3's and 2's can often be reduced by subtracting a spinorial root, for example we have 
(3,lV4=^(l^-l)/4. 

Once in this standard form, we can again consider the sum of the square of the entries of the 
shift vector. This classifies the shifts almost uniquely, expect when (Av)"^ = 8. In this case there are 
two possibilities, but the sum of the entries of 2v mod 2 can be used to distinguish between both 
possibilities. The results are summarized in table El 
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